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Abstract
A mesoscale model of microstructure evolution is formulated in the present work by combining a crystal plasticity model with a graph-based vertex algorithm. This provides a versatile
formulation capable of capturing ﬁnite-strain deformations, development of texture and microstructure evolution through recrystallization. The crystal plasticity model is employed in
a ﬁnite element setting and allows tracing of stored energy build-up in the polycrystal microstructure and concurrent reorientation of the crystal lattices in the grains. This inﬂuences
the progression of recrystallization as nucleation occurs at sites with suﬃcient stored energy
and since the grain boundary mobility and energy is allowed to vary with crystallographic
misorientation across the boundaries. The proposed graph-based vertex model describes the
topological changes to the grain microstructure and keeps track of the grain inter-connectivity.
Through homogenization, the macroscopic material response is also obtained. By the proposed modeling approach, grain structure evolution at large deformations as well as texture
development are captured. This is in contrast to most other models of recrystallization which
are usually limited by assumptions of one or the other of these factors. In simulation examples,
the model is in the present study shown to capture the salient features of dynamic recrystallization, including the eﬀects of varying initial grain size and strain rate on the transitions
between single-peak and multiple-peak oscillating ﬂow stress behavior. Also the development
of recrystallization texture and the inﬂuence of diﬀerent assumptions on orientation of recrystallization nuclei are investigated. Further, recrystallization kinetics are discussed and
compared to classical JMAK theory. To promote computational eﬃciency, the polycrystal
plasticity algorithm is parallelized through a GPU implementation that was recently proposed by the authors.
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Introduction

The grain microstructure of metallic materials determines macroscopic properties such as
strength, ductility and hardness. In order to understand how material properties develop
during processing - and in order to device processing conditions to achieve certain properties
- reliable simulation models of microstructure evolution are required.
One of the most important processes for controlling the grain size of a material is that of
recrystallization (RX), i.e. the formation and growth of new grains with relatively low energy
in metals subject to prior or concurrent plastic deformation. The grain growth is driven by
minimization of both grain boundary energy and stored energy. For static recrystallization
(SRX) this typically takes place when a cold-worked material is kept at an elevated temperature. When the metal is deformed at high temperatures, the increase in stored energy
due to plastic deformation will take place in parallel with the stored energy reduction due to
nucleation and growth of new grains, a process termed dynamic recrystallization (DRX).
The newly nucleated grains are of low dislocation density, making them softer than the
cold worked grains. Thus the recrystallization procedure leads to a decreased ﬂow stress.
During DRX repeated recrystallization cycles often lead to a serrated ﬂow stress behavior. The
appearance of the oscillations depends on the process parameters since those control the stored
energy accumulation due to plastic deformations, as well as stored energy reduction through
the formation and growth of new grains. At low strain rates and high temperatures, one
recrystallization cycle will have ﬁnished before enough stored energy has been built up in the
newly recrystallized grains to initiate the next cycle, giving a multi-peak ﬂow stress behavior.
With higher strain rates and lower temperatures, enough dislocations will accumulate to
allow a new recrystallization cycle to begin before the previous is completed, damping out
the oscillations. As the strain rate is increased, several recrystallization cycles will be active
at the same time, giving the ﬂow stress curve a plateau-like behavior after the initial peak
[1, 2, 3].
As a result of RX processes, the grain structure evolves with signiﬁcant changes to the
grain size distribution. The grain size is an important factor for the macroscopic material
behavior, as observed for example by the Hall-Petch relation. Also development of texture is
an important aspect of microstructure evolution. As the material deforms, the orientations of
the grains change to give the material a texture that depends on the mode of deformation and
possibly also on RX processes. While a uniform orientation distribution gives an isotropic
material, the changes in crystallographic texture may introduce anisotropy. In simulations
of thermomechanical processing it is therefore necessary for the model to be able to capture
both the changes in orientation of the grains as well as the nucleation and growth of new
grains. In addition, as materials processing in most cases involves large deformations, such
as in rolling or extrusion, ﬁnite strains need to be considered.
For modeling of recrystallization, there are several diﬀerent modeling approaches that are
commonly used. A more in-depth description of them can be found in the review articles
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[4, 5, 6].
Monte Carlo Potts models use probabilistic changes of state variables, deﬁned at the grid
points of a ﬁxed grid, in order to minimize system energy. The approach has mainly been used
for simulating static recrystallization but has also been applied to dynamic recrystallization in
[7]. A drawback with the Monte Carlo Potts method is that there exists no notion of physical
time and no real length scale. Cellular automata models are similar to Monte Carlo Potts
models in that they are based on state variables deﬁned on a ﬁxed grid, but can be formulated
as either stochastic or deterministic and simulations can be performed in physical time and
space. The state variables evolve due to physically based switching conditions. There are
many examples of cellular automata being used for modeling dynamic recrystallization, both
in 2D [8, 9, 10, 11] and in 3D [12]. As both Monte Carlo Potts and cellular automata are
formulated on ﬁxed grids, the algorithms are not well suited to describe large deformations
or evolution of deformation texture. This is sometimes adressed by linking Monte Carlo
Potts and cellular automata models with ﬁnite element models [13, 14] and crystal plasticity
formulations [15, 16, 17, 18].
The phase ﬁeld method has also been applied to modeling of dynamic recrystallization, for
example in [19]. The grain structure is then described by phase ﬁeld variables, which typically
take one value inside a grain and another outside of the grain, with a continuous variation
over the grain boundary. Also phase ﬁeld formulations have been coupled to ﬁnite element
models for describing macroscopic mechanical behaviour [20, 21] and to crystal plasticity
models [19, 22, 23, 24].
The level set method was introduced in [25] and has been used in mesoscale models
of microstructure evolution due to recrystallization [26, 27, 28]. This method is based on
the introduction of a level set function for each grain, which is a signed distance function
representing the distance to the grain boundary.
Vertex models, also referred to as front tracking models, represent grain boundaries by
lines connecting a set of nodes. The state of the microstructure and its evolution is represented
by the positions and velocities of these nodes. Vertex models were ﬁrst used for modeling of
grain growth in [29]. The accuracy of the method was improved by the introduction of virtual
vertices along the grain boundaries, making it possible to describe grain boundary curvature
[30]. In [31], approximations were made to simplify the calculations and in [32] the model was
generalized to 3D. Although mostly used for simulating grain growth due to minimization
of grain boundary surface energy, nucleation and a driving force based on stored energy was
introduced in [33] to permit modeling of recrystallization. A vertex model was also coupled
with cellular automata in order to model recrystallization and grain growth in [34]. A beneﬁt
with the vertex model, when compared to other models for recrystallization, is the relatively
low memory requirements of the implementation.
To achieve a versatile formulation of dynamic recrystallization that is capable of concurrently describing microstructure evolution due to dynamic recrystallization, development of
texture and ﬁnite-strain deformations, a vertex model is combined with a crystal plasticity
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model in the present study. A graph-based vertex algorithm is established to allow convenient
tracing of the topology of the grain boundary network and the grain inter-connectivity. This
permits physically motivated formulations of aspects such as misorientation-dependent grain
boundary energy and mobility and appropriate identiﬁcation of nucleation sites for recrystallization. The crystal plasticity model contributes the framework for ﬁnite strain plasticity,
accumulation of stored energy and the evolution of texture. The model is employed in a ﬁnite
element setting and illustrative simulations are performed to indicate the capabilities of the
proposed formulation. Results from the simulation show that the model is capable of capturing many of the prominent features of DRX, such as the eﬀects of strain rate, nucleation rate
and initial grain size on the ﬂow stress behavior, as well as of describing the texture evolution
of the material.
This paper begins with a thorough description of the proposed model. First the crystal
plasticity and the vertex models are presented in sections 2 and 3, respectively. Thereafter, a
description of the modeling of recrystallization follows in section 4 and the coupling between
the models is described in section 5. Results from computer simulations are presented in
section 6 and compared to classical models for recrystallization. Finally, some concluding
remarks are given in section 7.

2

Crystal plasticity model

Crystal plasticity models are commonly used to describe the deformation of crystalline solids
while also capturing the texture evolution. In crystal plasticity, established in [35, 36, 37], the
plastic deformations are described by slip in the crystalline structure. To derive the crystal
plasticity model, the general kinetics and thermodynamics of the model is taken as the point
of departure. This is followed by a description of the plastic slip deformation and the resolved
shear stress. At the end, the speciﬁc details of the adopted model are given.

2.1

Kinematic and thermodynamic considerations

To set the framework for the crystal plasticity model, let the motion of a particle in a body
at position X in the reference conﬁguration be described by the function ϕ(X, t). The deformation gradient F is then deﬁned as F = ∂X ϕ.
Given that the model should include nucleation of new, stress free grains in a deformed
structure, which will be discussed further in sections 4-5, each grain will be subject to an
individual deformation gradient Fgr . Using a multiplicative split of the deformation gradient
it follows that
FF∗ = Fgr

(1)

where F∗ is related to the deformation at which the grain is stress free. F∗ is constant, i.e.
Ḟ∗ = 0. The volume change of a grain between its undeformed conﬁguration and the current
conﬁguration is then given by the Jacobian J = det(Fgr ), where det(·) is the determinant of
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a tensor. The deformation gradient for each grain can be split into an elastic part Fe and a
plastic part Fp as
Fgr = Fe Fp

(2)

cf. [38, 39]. The evolution of the plastic deformation gradient is given by
Ḟp = lp Fp

(3)

where lp is the plastic velocity gradient and a superposed dot denotes the material time
derivative. The right Cauchy-Green deformation tensor in the grain is then deﬁned as
C = FT
gr Fgr

(4)

where (·)T denotes the transpose of a tensorial quantity, and the elastic right Cauchy-Green
deformation tensor is deﬁned as
Ce = FeT Fe

(5)

Next, turning to thermodynamic considerations, the Helmholtz free energy, ψ, is assumed
to be a function of the elastic right Cauchy-Green deformation tensor and internal variables
related to the inelastic process, gα . Denoting the mass density in the reference conﬁguration
by ρ0 , and considering isothermal processes, the dissipation inequality takes the form
1
S : Ċ − ρ0 ψ̇ ≥ 0
(6)
2
where a tensorial contraction over two indices is denoted by (·) : (·). The second PiolaKirchhoﬀ stress tensor, S, is related to the Cauchy stress tensor, σ, by
D=

1
Fgr SFT
gr
J
With the above information the dissipation inequality can be rewritten as


n

∂ψ
1 e
e
e
p
Gα ġα ≥ 0
: Ċ + Σ : l −
D = S − 2ρ0
∂Ce
2
α=1
σ=

(7)

(8)

where the second Piola-Kirchhoﬀ stress tensor in the intermediate conﬁguration and the
Mandel stress tensor were introduced as
Se = Fp SFpT ,

Σe = Ce Se

(9)

Furthermore, in (8) the thermodynamic force Gα that is conjugated to gα , was identiﬁed as
Gα = ρ0

∂ψ
∂gα

(10)

Requiring that no dissipation should occur during purely elastic processes results in the relations
2
∂ψ
∂ψ eT
,
σ = Fe ρ0
F
(11)
Se = 2ρ0
e
∂C
J
∂Ce
providing both the second Piola-Kirchhoﬀ and the Cauchy stress tensor.
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2.2

Description of crystal plasticity

In crystal plasticity models, the total deformation is generally viewed to consist of an elastic,
recoverable, distortion of the crystal lattice and a plastic, non-recoverable, part due to slip
on individual slip systems. The non-recoverable plastic slip is the cause of the stored energy
accumulation that provides the driving force for recrystallization. The slip systems generally comprise the close-packed planes and directions in the lattice. For face-centered cubic
materials, considered here, this provides 12 slip systems of the type {111}110, see [40].
Each slip system α = 1, 2...12 is represented in the reference conﬁguration by the orthonormal vectors Mα and Nα which denote the slip direction and the normal to the slip plane of
system α, respectively. An isoclinic intermediate conﬁguration will be adopted, cf. [41]. The
plastic velocity gradient is calculated through superposition of all crystallographic slip rates
according to

γ̇ α Mα ⊗ Nα
(12)
lp =
α

where γ̇ α is the slip rate in slip system α, cf. [37]. Since tr(lp ) = 0 it holds that det(Fp ) = 1,
i.e. the volume change is purely elastic, J = J e = det(Fe ), and the plastic deformation is an
isochoric process. Here tr(·) denotes the trace of a tensor.
Finally, taking advantage of (12) in (8) allows the dissipation inequality to be written as
D=

n


(τ α γ̇ α − Gα ġα ) ≥ 0

(13)

α=1

where the resolved shear stress in slip system α was introduced as
τ α = Mα Σe Nα

2.3

(14)

Specific model

It is assumed that the Helmholtz free energy can be split into an elastic and a plastic part
according to
ψ = ψe + ψp

(15)

By assuming the elastic part to be dependent on the elastic right Cauchy-Green deformation
tensor and the Jacobian, and the plastic part to be dependent on the slip parameters gα we
get
ρ0 ψ(J, Ce , gα ) = ρ0 ψ e (J, Ce ) + ρ0 ψ p (gα )
The elastic part is assumed to have the Neo-Hookean form


κ 1 2
μ
(J − 1) − ln(J) + (J −2/3 tr(Ce ) − 3)
ρ0 ψ e =
2 2
2
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where κ and μ are the bulk and shear moduli, respectively. From this, the second PiolaKirchhoﬀ stress tensor in the intermediate conﬁguration can be identiﬁed as


∂ψ
κ 2
tr(Ce ) e−1
e
e−1
−2/3
S = 2ρ0
C
= (J − 1)C
+ μJ
I−
(18)
∂Ce
2
3
where I is the second order identity tensor. Insertion into (14) and taking advantage of Mα
and Nα being orthogonal, the resolved shear stress can be calculated as
τ α = μMα Ĉe Nα

(19)

where Ĉe = J −2/3 Ce is the isochoric part of the elastic right Cauchy-Green deformation
tensor.
Letting the plastic part of the Helmholtz energy assume a quadratic form, cf. [42, 43],
it is possible to describe the cross-hardening that occurs between diﬀerent slip systems. The
following expression is considered
1 
hαβ gα gβ
ρ0 ψ p = Q
2
α

(20)

β

with hαβ = δαβ +q(1−δαβ ). The ratio between self-hardening and cross-hardening is controlled
by the parameter q. Further, it is now possible to identify the thermodynamic quantity Gα
as the slip resistance, which is given by
Gα = ρ0


∂ψ
=
Q
hαβ gβ
∂gα

(21)

β

The evolution laws for the slip parameters gα , controlling the slip rate, are given by
ġ α = (1 − Bgα )

|τ α | α
|γ̇ |
Gαr

(22)

and the remaining evolution laws for the slip rates γ̇ α are given by the power law format
 α m
|τ |
α
sign(τ α )
(23)
γ̇ = γ̇0
Gαr
where m is a parameter and where Gαr is the total slip resistance on the system which is given
by the sum
Gαr = G0 + Gα

(24)

In (24), G0 is a constant resulting from lattice friction while Gα is due to dislocation interactions, individual for each slip system.
Finally, by the adopted approach the dissipation inequality in (8) can be rewritten as
D=

n 

α=1



Gα
|τ | 1 − α
Gr
α




Gα
+ Bg |τ | α |γ̇ α | ≥ 0
Gr
α
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which means that the mechanical dissipation is always positive, as Gαr ≥ Gα . Since the rate
of plastic work is given by
Ẇ p =

n


τ α γ̇ α

(26)

α=1

the increase in stored energy due to plastic deformation can be calculated as
Ė = Ẇ p − D =

n


τ α (1 − Bgα )

α=1

Gα α
γ̇
Gαr

(27)

cf. also [44, 45]. The model given above is the same as used in [46], which in turn is an
isothermal variant of that presented in [47].

3

Vertex model

Having covered ﬁnite strain deformation and texture evolution in the crystal plasticity formulation, the attention is now turned to the representation and evolution of the grain structure.
This is achieved in the present work by representing the microstructure by a vertex model.
The vertex method is based on the description of the grain structure through the positions
of a set of vertices, which are connected by lines representing grain boundaries. In the ﬁrst
formulations of vertex models, vertices were only located at triple junctions where three grain
boundaries meet, but it has since been shown that the introduction of so called virtual vertices, situated along the grain boundaries between triple junctions, increases the accuracy
of the model since they introduce eﬀects related to grain boundary curvature. However, in
[48] it is argued that the eﬀects of virtual vertices are limited. In the present application we
restrict ourself to using only real vertices, in order to keep the required computation times
at a minimum, but the model could easily be extended to include virtual vertices as well. To
keep track of the grain structure topology, a graph representation is employed.

3.1

Graph representation

A two-dimensional grain structure can be viewed as a number of neighboring polygons. By
denoting the grain boundaries as edges and the grain boundary junctions as vertices we obtain
a planar graph G, where each face will correspond to a grain. A planar graph is a graph that
can be drawn on a plane (or a sphere) without crossing edges and which can be represented
by only straight lines. From G we can construct its dual graph, denoted by G’. G’ has a
vertex on each face in G. For each edge e in G, there should be a corresponding edge in
G’, crossing e and connecting the vertices of G’ corresponding to the two faces of G on
either side of e. Thus the vertices in the dual graph G’ will correspond to the grains of the
microstructure. Since the dual of a planar graph is again a planar graph, G’ can also be drawn
on a plane without crossing edges, which is consistent with the notion of edges representing the
boundaries between adjacent grains. Keeping track of both G and G’ permits formulation
DOI: 10.1088/0965-0393/23/4/045011
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of a model for the grain structure where it is possible to keep track of individual grains. This
is usually not done in vertex simulations, but is necessary to allow tracing of which grains
are neighbors and for the coupling to crystal plasticity. An example of the representation of
a grain structure as a planar graph and its dual is shown in Figure 1.

Figure 1: Sketch of the graph representation of a simple grain structure with periodic boundary conditions. The black lines represents the grain boundaries, edges of the graph G, and
triple junctions, the vertices of G. The dual graph G’, where the vertices represents the grains,
is drawn in gray.
Since no virtual vertices are used in the vertex model, all vertices in G should be connected
by three edges. As each vertex in G or G’ will have only a few connected edges, storing the
structure in an incidence matrix or adjacency matrix would result in a very scarcely populated
matrix. Together with the fact that the structure will be continuously updated, this suggests
that a linked structure is a good alternative. Such a structure also makes it easy to keep track
of the relationship between the graphs.
The fact that a planar graph can be drawn on a sphere as well as on a plane implies that
the interpretation of the grain structure as a planar graph and its dual is suitable for use with
periodic boundary conditions.

3.2

Topological transformations

As the grain structure evolves it will undergo a number of topological transformations. For
example, the recombination of triple points and the removal of shrinking triangular grains
are shown in Figure 2. These transformations, often called T1 and T2, are captured by the
vertex formulation.
The introduction of a stored energy into the model will introduce topology changes not
encountered when the driving force is only due to the minimization of grain boundary energy.
This necessitates the introduction of yet another transformation [33]. This transformation,
called TA, shown in Figure 3, involves the crossing of a grain boundary segment by a migrating
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a)

b)

Figure 2: Illustration of typical vertex model transformations; (a) T1 transformation where
two triple junctions meet and recombine to form a new grain boundary. (b) T2 transformation
where a shrinking grain disappears and three triple junctions merge to form a single vertex.
The black lines show the graph G represents the grain boundaries and triple junctions, and
the dual graph G’, where the vertices represents the grains, is drawn in gray.
vertex.

Figure 3: Illustration of a TA transformation where a migrating vertex comes close to a
grain boundary, forcing a grain to be split into two grains. The black lines show the graph
G represents the grain boundaries and triple junctions, and the dual graph G’, where the
vertices represents the grains, is drawn in gray.

3.3

Evolution of the vertex model

Evolution of the microstructure is driven by energy minimization. Considering a 2D model
and assuming a constant thickness h, the energy of the grain boundaries, VGB , is calculated
as

γ(a)hda
(28)
VGB (r) =
GBs

where a is a coordinate along the grain boundary and γ(a) is the grain boundary energy at
position a. By integrating the stored energy inside the grains we get the total stored energy
VSE in the material

(29)
VSE = EhdA
where E is the stored energy density per unit volume in the grains. The total energy can be
calculated as V = VGB + VSE . The dissipation function R due to grain boundary motions can
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be expressed as
R(r, v) =



1
2

GBs

v(a)2
hda
mGB (a)

(30)

where v(a) is the normal velocity of the grain boundary and mGB (a) is the grain boundary
mobility at position a.
By assuming a constant stored energy inside each grain, (29) can be written as
VSE = h



EG AG

(31)

G

where EG is the stored energy density in each grain and AG the grain area. The grain structure
is deﬁned by the positions r and velocities v of the vertices. Vertex i has position ri = (xi , yi )
and velocity vi . The grain boundary between vertex i and j is characterized by the vector
rij = (xij , yij ) given by rij = ri − rj . The normal to rij is denoted by nij and appears as


1
−yij
(32)
nij =
xij
|rij |
A point at the grain boundary between vertices i and j with position r = ξri + (1 − ξ)rj has
the velocity v = ξvi + (1 − ξ)vj , which gives the normal velocity v = ξvi nij + (1 − ξ)vj nij .
Using this discretization of the grain structure, the integrals in (28) and (30) can be rewritten
as sums over grain boundary sections
VGB

N

(i)

i=1

j

1 
= h
γij ||rij ||
2
N

(i)

i=1

j

1   ||rij ||
[(vi nij )2 + (vj nij )2 + (vi nij )(vj nij )]
R= h
6
mij

(33)

(34)

where N is the total number of vertices and γij and mij is the grain boundary energy and
(i)
mobility, respectively, of the grain boundary between vertices i and j.
j is introduced to
denote the sum over all vertices j connected to vertice i.
Since kinetic energy is not considered, the Euler-Lagrange equation, with dissipation
forces, then takes the form
∂V
∂R
+
=0
∂vi ∂ri

(35)

from which the equations of motion for the vertices can be found [49]. Together with (31)-(34),
(35) provides the following expression for ﬁnding the velocities of the vertices
1
Dij vj
2
(i)

Di vi = fi −

(36)

j
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where Dij is given by
1
Dij =
3mij ||rij ||



2
yij
−xij yij

−xij yij
x2ij


(37)

and Di represents the sum
Di =

(i)


Dij

(38)

j

The driving forces fi , appearing in (36), are given by
fi = −

1 ∂V
1 ∂VGB
1 ∂VSE
=−
−
h ∂ri
h ∂ri
h ∂ri

(39)

where the inclusion of the stored energy is introduced in a similar fashion as in [33]. In
addition to the driving force due to grain boundary energy
rij
1 ∂VGB
1
=
γij
h ∂ri
2
||rij ||
(i)

(40)

j

inclusion of the stored energy adds the term
1
1 ∂VSE
=
h ∂ri
2
(i)
j



yj − yi
xi − xj


ΔEij

(41)

where ΔEij is the diﬀerence in stored energy between the grains on either side of the grain
boundary between vertices i and j. It can be noted, however, that the stored energy is usually
not included in vertex models of microstructure evolution despite it being a critical component
in, for example, recrystallization processes.

4
4.1

Recrystallization model
Grain boundary properties

Both grain boundary energy and mobility are parameters that are strongly dependent on the
local character of the grain boundary in terms of crystallographic misorientation across the
interface and the inclination of the boundary plane. For simplicity, however, a scalar misorientation θ is used to characterize grain boundaries in the present model. When calculating
θ, symmetry considerations have to be taken into account. For a cubic crystal, there exist 24
equivalent orientations for each given orientation.
By deﬁning the orthogonal rotation matrix g which aligns a crystal with the reference
frame, a matrix representing the misorientation between two crystals i and j can be calculated
as Δgij = gj giT . From Δgij , the corresponding scalar misorientation θ is calculated as the
minimum misorientation given by the diﬀerent crystallographically equivalent orientations


1
[tr(Os Δgij ) − 1]
(42)
θ = min arccos
Os ∈Gc
2
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where Os is one of the 24 operators in the cubic symmetry group Gc [50].
With θ calculated according to (42), the grain boundary energy is assumed to vary according to the Read-Shockley relation


θ
θ
1 − ln
(43)
γ(θ) = γm
θm
θm
where θm is the angle diﬀerentiating between low and high-angle grain boundaries and γm
is the grain boundary energy for high angle grain boundaries. Here, the standard choice of
θm = 15◦ is made. For θ < θm the grain boundary energy is taken to vary according to (43)
while γ = γm is held constant for θ ≥ θm . Turning next to the grain boundary mobility, the
formulation in [51] is adopted, providing

m(θ) = mm

1 − exp −5

θ
θm

4
(44)

where mm is the mobility of high angle grain boundaries, satisfying θ ≥ θm . This expression gives the main characteristics of a low mobility for low angle grain boundaries and a
high mobility for high-angle boundaries. It is emphasized that the present model framework
puts no restriction on the formulation of grain boundary energy and mobility and arbitrary
alternatives to (43) and (44) can be used.

4.2

Nucleation

As a metallic material is plastically deformed, energy will be accumulated in the material
through generation and a rearrangement of defects, mainly dislocations. As dislocation networks develop they will tend to form entanglements that subsequently form dislocation cells
which, in turn, eventually leads to the formation of subgrains in the grain interiors. These subgrains will be the birthplaces of the recrystallization nuclei [52, 53]. In order for the subgrains
to become viable nuclei, however, two criteria need to be met locally in the microstructure.
The ﬁrst is a kinematic criterion requiring mobile high-angle grain boundaries to be formed
by the nucleation event. The second is a thermodynamic criterion requiring a stored energy
gradient to be present across the interface that is suﬃcient to provide enough positive driving
pressure for grain growth to occur [54]. These criteria are usually found to be met at grain
boundary triple junctions and along grain boundaries [55, 56, 53]. Such sites provide enough
lattice curvature and suﬃcient stored energy diﬀerences for providing possible nucleation sites.
As nucleation preferentially takes place along pre-existing grain boundaries, it is common to
observe so-called necklace patterns of recrystallized material along the boundaries. Since the
vertex model used in the present work has vertices only at triple junctions, those are the
natural places in the topology for nucleation to take place. The vertex representing such a
junction will then be split into three vertices, each connecting two of the original grains with
the new one, see Figure 4. This change in the microstructure is a reversed T2 transformation,
which was shown in Figure 2b.
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Figure 4: Nucleation of a new grain in the vertex model. The black lines show the graph
G represents the grain boundaries and triple junctions, and the dual graph G’, where the
vertices represents the grains, is drawn in gray.
Being a mesoscale formulation, the present recrystallization model does not resolve the
dislocation substructures at ﬁner length-scales. Instead, it is assumed that the necessary
subgrain structures have been formed by any preceding plastic deformation and are already
present within the grains. The process of subgrain formation is in mesoscale models usually
captured by considering an incubation time or a threshold dislocation density, i.e. a threshold
stored energy, that needs to be reached before nucleation is initiated [57, 58, 59]. The current
formulation is based on deﬁning a threshold value of the stored energy, i.e. of the dislocation
density, which is then taken as a local nucleation criterion. Nuclei are added in the computational microstructure at sites where the stored energy is equal to, or greater than, the
threshold value. The stored energy is calculated according to (45) in section 5.
During the formation of subgrains, recovery processes very rapidly reduce the dislocation content in the subgrain interiors by annihilation of dislocations and by accumulation
of dislocations at the subgrain boundaries. This increases the subgrain misorientation with
respect to neighboring regions and eventually provide high-angle, mobile, boundaries. The
same processes also provide subgrains with very low internal stored energy. Following the
common assumption, recrystallization nuclei are therefore in the present work assumed to
be formed with a zero initial dislocation density. This approach, together with the use of a
critical dislocation density value for nucleation, ensures that the thermodynamic nucleation
criterion is fulﬁlled.
The crystallographic orientation of the nuclei will inﬂuence both the progression of recrystallization and also the evolution of any recrystallization texture in the material [60, 61].
Recrystallization nuclei are products of the cold worked parent material but they do not necessarily inherit their orientation from the parent grains although it is not uncommon that
evidence of the texture present in the initial, cold worked, microstructure can be observed
also in the recrystallized material [62, 56, 63]. High-angle boundaries with respect to the
surrounding material are also required in order to permit growth of the nuclei, causing differences to develop between the initial and recrystallized textures. It can be noted that the
development of recrystallization texture is usually attributed to either orientated nucleation or
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oriented growth or possibly a combination of these processes [61]. Since the aim of the present
study is to establish a tool for simulation of microstructure evolution during recrystallization,
two diﬀerent approaches have been tested. In the ﬁrst approach the nuclei are given random
initial orientations and in the second approach, each new grain is given a 15◦ misorientation
in an arbitrary direction compared to its parent grain. This misorientation corresponds to
the situation where a subgrain forms high-angle grain boundaries relative to the parent grain.
The parent grain is chosen as the grain at the triple junction having the highest stored energy.
However, the present formulation does not pose any restrictions on the initial orientation of
the nuclei or on subsequent texture development through oriented nucleation and/or growth.
As the grain boundary mobility is taken to depend on the misorientation across the grain
boundary in the present model, only nuclei having suﬃciently mobile boundaries will grow as
new grains. By this approach also the kinetic nucleation criterion is satisﬁed.
Having deﬁned the initiation of recrystallization, the next question is at what frequency
new nucleation events take place. This issue has been approached in a number of ways by
diﬀerent authors. The two main trends is to consider either of site-saturated nucleation where
all nuclei are assumed to be present at the start of the simulation and no new nuclei are
added over time or, alternatively, continuous nucleation where new nuclei are continuously
added according to some expression of the rate of nucleation. In the latter scenario, both
constant and non-constant rates of nucleation have been considered. In the present work,
recrystallization nuclei are for simplicity added at a constant rate during the simulation, at
sites where the stored energy has reached the threshold value. However, it can be noted that
the present model allows arbitrary formulations for the rate of nucleation to be employed.

5

Coupling of the models

The crystal plasticity model described in section 2 is employed in a nonlinear ﬁnite element
framework although only the material behaviour in a single integration point is considered in
the present study. In the integration points within each element, the stresses are calculated
by considering the deformations in a large number of grains. The grain structure in each
integration point is allowed to evolve, as described by the vertex model, with the deformation
and grain orientations supplied from the crystal plasticity model. The crystal plasticity model
is used for modelling the deformation and texture evolution of the grain structure and the
vertex model is used to represent the evolving topology of the grain structure during recrystallization. Using the common Taylor assumption, introduced in [35], all grains are subjected to
the same deformation gradient. The same deformation gradient is also applied to the domain
of the vertex model, distorting the initial shape of the area.
A staggered approach is employed where in each time step the crystal plasticity code is
ﬁrst used for calculating stress response and increase in stored energy, after which the vertex
model is used to describe the evolution of the grain structure.
Using the expression for the increase in stored energy given in (27), the increment in stored
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energy due to crystallographic slip during one time step is calculated in each grain as

Gα
ΔE =
τ α (1 − Bgα ) α Δγ α
Gr
α

(45)

The diﬀerence in accumulated energy between adjacent grains will then aﬀect the driving
force in the vertex model as shown in (41). When the stored energy builds up above the
threshold value, new grains will nucleate at triple junctions as discussed in section 4.2. The
newly nucleated grains are stress-free and undeformed when they appear. This means that
Fgr = I when the grain is nucleated, and therefore F∗ is given by the inverse of the deformation
gradient at the nucleation event, F∗−1 = F.
The global stress is calculated as a weighted average over all grains, using their respective
areas, Agr , as weight. Thus the stress evolution is dependent both on the crystal plasticity
model, giving the stress in each grain, and on the vertex model, controlling the evolution of
the grain areas. When calculating the Cauchy stress, it is also important to take into account
that the grains are subjected to diﬀerent deformation tensors providing

1
1
Agr Fgr SFT
(46)
σ=
gr
A
J
gr gr gr
The grain areas are used here as a 2D model of the grain structure is considered, while grain
volumes would be used in 3D.

6

Simulation examples

In order to illustrate the capabilities of the proposed model for capturing varying phenomena
related to microstructure evolution, several simulations have been performed. To keep the
examples small, the microstructure evolution and resulting stress has been studied by deformation of a single integration point. Material parameters for the simulations, summarized
in Table 1, have been chosen as representative for pure Cu at around 800K, and have been
found from [47, 28].
For simplicity, the grain structure is initialized as a regular structure of hexagonal grains,
see Figure 5a. The regular structure is employed to illustrate the capabilities of the model,
although it would of course be possible to use alternative initial topologies as well, e.g. created
using Voronoi tessellation. For the vertex model, an initial area of 100 × 100μm is deﬁned
with periodic boundary conditions, see Figure 5a. The shape of the area will change as the
deformation proceeds.
An initial random texture is given to the polycrystal by generating Bunge-Euler angles
(ϕ1 ,Φ,ϕ2 ) according to ϕ1 = 2πr1 , Φ = arccos(1 − 2r2 ) and ϕ2 = 2πr3 . Here r1,2,3 are
random numbers, obtained from a uniform distribution in the interval [0,1]. Apart from in
a couple of the simulations studying the texture development, the new nuclei are assigned
random orientations generated with this scheme as well. All simulations are performed using
a constant nucleation rate, i.e. the total number of nuclei allowed to form per unit time is
limited.
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Table 1: Material parameters

6.1

Parameter

Value

Unit

Description

μ
κ
G0
Q
m
B
q
γ̇0
g0
γm
mm
Ec

29
62
27
100
26
8
1.4
0.001
0.007
0.625
6.60 · 10−12
3.61 · 105

GPa
GPa
MPa
MPa

Shear modulus
Bulk modulus
Lattice friction
Hardening parameter
Rate sensitivity
Parameter controlling saturation of g α
Ratio between self and cross hardening
Reference slip rate
Initial value of g α
High-angle grain boundary energy
High-angle grain boundary mobility
Threshold energy for nucleation

J/m2
m3 /Ns
N/m3

Isochoric deformation

In the ﬁrst set of simulations, the model has been subjected to an isochoric plane strain
deformation described by the deformation gradient
1
F = λe1 ⊗ e1 + √ (e2 ⊗ e2 + e3 ⊗ e3 )
λ

(47)

where a small increment is made to the parameter λ in each time step. The stress-strain
plots in this section shows the stress σ = e1 σe1 plotted against the logarithmic strain ln(λ).
Most simulations have been performed using the relatively low number of 120 crystals at the
initial state of the simulations. The grain count is, however, signiﬁcantly increased through
nucleation of new grains during recrystallization as can be seen by comparing Figures 5a and
5c.
Figure 5 shows snapshots of the recrystallization process at diﬀerent stages. The corresponding places on the ﬂow stress curve and recrystallized fraction are marked in the plots in
the right part of the ﬁgure. The simulation was run using a strain rate of 0.05 s−1 and the
nucleation rate 2500 s−1 . As the material is deformed, new grains starts to nucleate along
the grain boundaries with random initial orientation. In Figure 5b the necklace-patterns that
appear along the grain boundaries as recrystallization is initialized are apparent. The recrystallized grains then continue to grow, as can be seen in Figure 5c, until the original grain
structure is completely consumed. Figure 5d shows the fully recrystallized material.
The ﬁnal grain size distribution is dependent on the process parameters. Figure 6 shows
the grain size distributions after recrystallization at diﬀerent strain rates. These simulations
were run with 120 grains present initially, using the nucleation rate 500 s−1 , random grain
orientation of the nuclei and the strain rates 0.01 s−1 , 0.025 s−1 and 0.05 s−1 . Higher strain
rates lead to smaller grain sizes in the recrystallized material, while lower strain rates mean
that the grains have more time to grow before a new nucleation cycle is initiated. In Figure
7 a similar comparison is made for diﬀerent nucleation rates, all with the strain rate 0.01 s−1
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b)

120
True stress (MPa)

a)

100
80
60
40
20
0
0

d)

1
Recrystallized fraction

c)

0.2
0.4
Logarithmic strain

0.8
0.6
0.4
0.2
0
0

5
Time (s)

10

Figure 5: The grain structure (a) before deformation, (b) at the beginning of the recrystallization process, (c) as the recrystallization has progressed and (d) after full recrystallization.
The strain and times corresponding to the pictures are marked in the plots to the right.
and 120 grains in the initial grain structure. These simulations show that higher nucleation
rates lead to smaller grain sizes in the recrystallized material during the deformation process.
Strain rate 0.01 s−1

Strain rate 0.025 s−1

0.05

0
0

50
100
Area (μm2)

0.1
Probability density

0.1
Probability density

Probability density

0.1

0.05

150

0
0

Strain rate 0.05 s−1

50
100
Area (μm2)

150

0.05

0
0

50
100
Area (μm2)

150

Figure 6: The ﬁnal grain size distribution for diﬀerent strain rates. The solid line shows a
ﬁtted log-normal distribution.
Figures 8-10 show the ﬂow stress behavior of the material. Random orientation of the new
nuclei is used and the initial number of grains is taken to 120. Diﬀerent strain rates, with the
constant nucleation rate 500 s−1 , are investigated in Figure 8, showing behavior similar to that
reported in [2, 1, 3]. Low strain rates give the oscillating behavior of distinct recrystallization
cycles. Higher strain rates make the curve tend toward the single peak behavior typical for a
continuous RX process, where a new recrystallization cycle is begun before the previous one
is ﬁnished. It can also be noted that the peak stress is higher for higher strain rates. A similar
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Figure 7: The ﬁnal grain size distribution for diﬀerent nucleation rates. The solid line shows
a ﬁtted log-normal distribution.
tendency can be seen in Figure 9 which displays the inﬂuence of the initial grain size, when
the strain rate 0.01 s−1 and nucleation rate 500 s−1 is used in all simulations. Smaller initial
grain sizes yield a lower peak stress and more tendency towards oscillations, in accordance
with the experimental observations made in [64, 65].
120

True stress (MPa)

100
80
60
0.025 s−1
0.01 s−1
0.005 s−1
0.0025 s−1

40
20
0
0

0.05

0.1
0.15
Logarithmic strain

0.2

Figure 8: The stress response for diﬀerent strain rates, with the nucleation rate 500 s−1 .
Figure 10 shows the behavior of the ﬂow stress for diﬀerent nucleation rates, for the
strain rate 0.01 s−1 , showing less pronounced oscillations for the lower nucleation rate. This
is because the lower nucleation rate extends each recrystallization cycle, making the cycles
overlap, similar to what is shown in [1]. In Figure 11 the fraction of recrystallized material is
plotted over time for diﬀerent nucleation rates. Here it can also be seen that higher nucleation
rates yield steeper recrystallization curves. The dotted lines in Figure 11 have been ﬁtted to
the JMAK-function F = 1 − exp(−Btk ). This ﬁtting procedure results in Avrami exponents
in the range 2.3-2.6, with the lowest exponent for the highest nucleation rate. This can be
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330μm2
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84μm2
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0
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0.06
Logarithmic strain

0.08
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Figure 9: The stress response for diﬀerent initial grain sizes, with the strain rate 0.01 s−1 and
nucleation rate 500 s−1 .
compared to the theoretical values of 2 for site saturated nucleation and 3 for a constant
nucleation rate, which are expected for the 2D conditions currently considered [53].
100

True stress (MPa)

80
60
40
100 s−1
250 s−1
1000 s−1

20
0
0

0.02

0.04
0.06
Logarithmic strain

0.08

0.1

Figure 10: The stress response for diﬀerent nucleation rates, at the strain rate 0.01 s−1 .
A set of simulations to study texture development has been performed with the strain
rate 0.05 s−1 and nucleation rate 500 s−1 , on a structure with 480 initial grains. The initial, fully random, orientation distribution of the material is shown in a {111}-pole ﬁgure in
Figure 12a. As the material is deformed, the orientations of the grains change depending
on the deformation mode. Figure 12b shows the banded texture which develops during deformation given that no recrystallization is taking place. The developing texture is in good
agreement with those found in plane strain compression experiments in [66]. The presence of
recrystallization will inﬂuence the texture development, depending on the orientation of the
recrystallized grains. Two diﬀerent schemes for choosing the orientation of the nuclei have
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Figure 11: The fraction of recrystallized material plotted against time for diﬀerent nucleation
rates, at the strain rate 0.01 s−1 . The steepest curve corresponds to the highest nucleation
rate. The dotted lines are ﬁts by the classical JMAK relation.
been investigated. The ﬁrst one is to simply give the new grain a purely random orientation.
This approach preserves the uniform orientation distribution during deformation, as can be
clearly seen from Figure 12c. The other approach that has been implemented is to assign
each new grain a 15◦ misorientation in a random direction compared to its parent grain. The
result from letting the orientation of the nuclei depend on the parent grain is presented in
Figure 12d, indicating that some texture development continues during the recrystallization
process, although the resulting texture diﬀers somewhat from that in Figure 12b and is much
less pronounced.
a)

b)

c)

TD

RD

d)

TD

RD

TD

RD

TD

RD

Figure 12: Pole ﬁgure showing the {111} poles of the grains (a) before deformation (b)
after deformation without recrystallization (c) after deformation with random orientation of
nucleated grains and (d) after deformation when the orientation of the nuclei depends on the
parent grain orientation. The deformation is imposed according to (47). RD denotes the
e1 -direction and TD the e2 -direction.
The diﬀerent schemes for choosing the orientation of the nuclei were also found to inﬂuence
the ﬂow stress behavior, as can be seen in Figure 13. In these simulations the nucleation rate
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500 s−1 is used and the initial number of grains is taken to 120. When compared to the purely
random orientation, assigning each new grain a 15◦ misorientation in a random direction
compared to its parent grain gives a higher maximum ﬂow stress. At the beginning of the ﬂow
stress curve a double peak can be seen. One possible explanation for this phenomenon might
be that the the ﬁrst peak appears as new grains are at ﬁrst nucleated around grains where
the slip directions are well aligned with the direction of the deformation, which therefore have
the largest plastic deformations. When those heavily deformed grains have been consumed,
nuclei will start to form with orientations from the grains with less optimal orientations,
yielding the second, higher peak. However, over time the orientations giving the largest
plastic deformations will become dominant among the newly nucleated grains, resulting in a
lowering in the ﬂow stress as the texture develops.

True stress (MPa)

120
100
80
60
40
20
0
0

arbitrary orientation
orientation from parent
0.1

0.2
0.3
Logarithmic strain

0.4

Figure 13: The stress response for diﬀerent strain rates, with the nucleation rate 500 s−1 , for
the two diﬀerent nucleation schemes. The strain rates considered are 0.005 s−1 , 0.025 s−1 ,
0.05 s−1 and 0.1 s−1 , where the lowest curves corresponds to the lowest strain rate.

6.2

Simple shear

In order to test the model for diﬀerent deformation modes, the model has also been subjected
to simple shear, described by the deformation gradient

F = γe1 ⊗ e2 + I

(48)

where a small increment is made to the parameter γ in each time step. The grain structure
was initialized with 480 grains, as shown in Figure 14a, with Figure 14b showing the fully
recrystallized material. Again, the capability of the proposed model to capture microstructure
evolution at ﬁnite strain deformations is illustrated.
The texture evolution is also studied in the case of simple shear, as can be seen in Figure
15. The simulations were performed with the strain rate 0.05 s−1 and nucleation rate 500
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a)

b)

Figure 14: The grain structure (a) before deformation, (b) after full recrystallization.
s−1 . When no recrystallization is present the resulting texture, shown in Figure 15b, becomes
that typical for simple shear. The texture that is seen to develop in Figure 15b is in very
close agreement with the texture found by experimental planar simple shear tests in [66].
Again, giving the new grain a purely random orientation preserves the uniform orientation
distribution during deformation, see Figure 15c. Meanwhile, assigning each new grain a 15◦
misorientation in a random direction compared to its parent grain preserves some traces of
the texture development partially during the recrystallization process, as indicated by Figure
15d.
a)

b)

c)

TD

RD

d)

TD

RD

TD

RD

TD

RD

Figure 15: Pole ﬁgure showing the {111} poles of the grains for simple shear according to (48).
(a) before deformation (b) after deformation without recrystallization (c) after deformation
with random orientation of nucleated grains and (d) after deformation when the orientation
of the nuclei depends on the parent grain orientation. RD denotes the e1 -direction and TD
the e2 -direction.

7

Concluding remarks

The model proposed in the present study has been developed within a ﬁnite strain plasticity
framework to be able to describe microstructure evolution due to dynamic recrystallization,
capturing texture evolution as well as grain size changes. This has been achieved through
coupling of a crystal plasticity model and a graph-based vertex model, incorporating the stored
energy in the grains as a driving force for the microstructure evolution. Results from the
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simulations show that the proposed model is capable of capturing the characteristic features
of the dynamic recrystallization process, as well as the texture evolution. The recrystallization
kinetics are comparable with results from classical JMAK-theory. The ﬂow stress shows the
oscillating behavior typical for DRX, where variations in strain rate, nucleation rate and
initial grain sizes aﬀect the transition from a single peak to a serrated ﬂow stress curve.
The model is also proven capable of capturing the texture evolution during deformation
and recrystallization, showing the inﬂuences on the recrystallized texture of the choice of
orientations of the nuclei.
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